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Abstract
We apply a quark interchange model to spin-dependent and exotic
meson-meson scattering. The model includes the complete set of stan-
dard quark model forces, including OGE spin-orbit and tensor and scalar
confinement spin-orbit. Scattering amplitudes derived assuming SHO and
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Coulomb plus linear plus hyperfine meson wavefunctions are compared. In
I=2 pipi we find approximate agreement with the S-wave phase shift from
threshold to 1.5 GeV, where we predict an extremum that is supported by
the data. Near threshold we find rapid energy dependence that may rec-
oncile theoretical estimates of small scattering lengths with experimental
indications of larger ones based on extrapolation of measurements at mod-
erate kπ
2. In PsV scattering we find that the quark-quark L·S and T forces
map into L·S and T meson-meson interactions, and the P-wave L·S force is
large. Finally we consider scattering in JPCn-exotic channels, and note that
some of the “Deck effect” mechanisms suggested as possible nonresonant
origins of the pi1(1400) signal are not viable in this model.
I. INTRODUCTION
The determination of scattering amplitudes between pairs of mesons is an interesting
problem in strong QCD. It is also a complicated problem, because both qq¯ annihilation to
s-channel resonances and “nonresonant” scattering are important effects, and it is often
difficult to separate the various contributions. However by specializing to annihilation-
free channels such as I=2 ππ and πρ, I=3/2 Kπ, KN and NN, one may study nonresonant
scattering in relative isolation. The determination of resonance parameters, reaction
mechanisms, and many other aspects of hadron physics are complicated by the presence
of nonresonant scattering, which is treated as an (often poorly understood) initial-state
and final-state rescattering effect. Developing an accurate description of nonresonant
scattering would help clarify many other aspects of hadron physics.
A further interesting possibility is that sufficiently attractive nonresonant scattering
may lead to weakly bound hadron-hadron or multihadron states, as does happen in nuclei
and hypernuclei. We may also find a rich spectrum of meson-meson bound states, the
study of which will extend nuclear physics into the largely unexplored field of “mesonic
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nuclei” or “molecules” [1–3].
An understanding of PsPs, PsV and other meson-meson scattering amplitudes is also
important for the interpretation of non-QCD processes such as nonleptonic weak decays,
since these show evidence of important hadronic final state interactions. The ∆I=1/2 rule
is a well known example. Similarly, a recent study of D and Ds decays to KK¯π [4] found
that the Dalitz plots are dominated by two-meson isobars, including φπ, K∗K¯ + h.c. and
K∗0(1430)K¯+h.c., and complex relative amplitudes are required to describe the D
+ Dalitz
plot. Without final state interactions one would expect relatively real couplings to these
final states.
One finds a surprising variety of approaches to strong hadron-hadron scattering in the
literature. There are many studies using effective hadronic lagrangians, such as the “chiral
perturbation theory” description of the PsPs sector. Although this method is convenient
because it uses perturbative QFT techniques, it is incomplete in that it takes effective
lagrangian vertex strengths from the data; one should be able to calculate these hadronic
couplings directly from quark-gluon forces.
Second, there are studies that model the low energy hadron-hadron scattering mech-
anism, which include the apparently dissimilar meson exchange and quark-gluon descrip-
tions of hadronic forces. Meson exchange models are again attractive for their simplicity,
since they use perturbative QFT techniques to determine scattering amplitudes. This
approach has been elaborated in greatest detail in models of the NN force [5], in which
a large number of meson exchanges is assumed. With this large parameter space a good
description of this interaction is possible, although there is a concern that one may be
parametrizing other scattering mechanisms in addition to t-channel meson exchange. Al-
ternatively, one may calculate hadron-hadron forces directly from the fundamental quark-
gluon interaction, using quark model hadron wavefunctions. This approach has also seen
its most detailed development in studies of the NN interaction [6], and is most success-
ful in describing the short-ranged repulsive core. Maltman and Isgur [6] also found a
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physically reasonable intermediate ranged attraction from a color van der Waals effect in
the quark-gluon approach, which is not equivalent to the usual ππ or σ meson exchange
explanation of this force. The quark description of hadron-hadron interactions is com-
plicated by the combinatorics of matrix elements between quark bound states, but has
the advantage that it can easily be extended to a wide range of spin and flavor channels
through a simple change of the external hadron wavefunctions.
A third promising approach is to infer hadron scattering amplitudes from LGT. To
date LGT has seen little application to scattering problems because of the difficulty of
treating systems that are not in their ground states. Estimates of the I=0 and I=2 ππ
scattering lengths have been obtained by exploiting a theoretical relation to finite-size
effects [7], and more recently very interesting results for nuclear physics potentials in the
BB system were reported [8]. In future it may be possible to improve hadron scattering
models through comparisons with similar “LGT data”.
In this paper we are concerned with the derivation of meson-meson scattering ampli-
tudes from quark-gluon forces. We derive meson-meson scattering amplitudes at lowest
order in the quark-quark interaction, which leads to a quark interchange model described
by “quark Born diagrams” [9,10]. Since the quark-quark interaction is already well es-
tablished from hadron spectroscopy, our predictions have little parameter freedom. In
previous work we and others (usually assuming OGE hyperfine dominance) have shown
that this approach gives a reasonably accurate description of S-wave scattering in a wide
range of channels without qq¯ annihilation, including I=2 ππ [9], I=3/2 Kπ [11], I=0,1
KN [12], I=0,1 BB [13] (compared to LGT data), and the NN repulsive core [6]. This
approach has also been applied to πJ/ψ [14,15] and other reactions relevant to heavy ion
collisions, where the experimental low energy cross sections are as yet unclear.
The principal new contribution of this paper is a detailed analytical derivation of the
meson-meson scattering amplitudes that follow from the complete quark-quark interac-
tion, including color Coulomb, linear scalar confinement, OGE spin-spin, OGE spin-orbit,
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OGE tensor and linear spin-orbit forces. As a future application of these results, one might
hope to clarify the relationship between meson exchange and quark interchange models
by a detailed comparison of the spin dependence of hadron-hadron scattering amplitudes,
which we expect to be sensitive to the details of the scattering mechanism.
Here we consider both pseudoscalar-pseudoscalar (PsPs) and pseudoscalar-vector
(PsV) scattering. The former is a “standard benchmark” for meson scattering mod-
els, because I=2 ππ low energy scattering has no s-channel resonances and has been the
subject of many experimental phase shift analyses. Although we find reasonable agree-
ment with S-wave I=2 ππ scattering, this channel has no spin degree of freedom, and so
cannot be used to test the characteristic spin dependences predicted by the quark model’s
OGE and linear scalar confinement forces.
We find in contrast that PsV is an excellent theoretical laboratory for the study of
spin-dependent forces, as it can accommodate both meson-meson spin-orbit and tensor
interactions. The spin-dependent forces at the meson-meson level are closely related to
the corresponding terms in the quark-quark interaction in our approach. Although the
study of PsV scattering is essentially a theoretical exercise at present, these phase shifts
are accessible experimentally, for example through measurement of the relative S and D
final state phases in b1 → πω. Thus it should be possible to measure PsV phase shifts
from resonance decays to multiamplitude PsV final states.
Before we proceed to our detailed results, we note that some work has already appeared
on meson-meson scattering in PsV systems. Numerical results for many light S-wave PsV
meson channels were previously reported by Swanson [10] using a similar quark model
approach that incorporated OGE spin-spin and linear confinement forces. Theoretical
results for PsV scattering (πρ in particular) in a meson exchange model were published
by Janssen et al. [16] and Bo¨ckmann et al. [17], assuming π, vector and a1 exchange. Since
the ρ ππ, a1ρ π and ρ ωπ vertex strengths are relatively well established, it was possible to
evaluate these scattering amplitudes numerically. These papers did not consider the exotic
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I=2 channel, so a direct comparison with our quark model PsV results is not possible at
present.
II. MESON-MESON T-MATRIX
A. General T-matrix formula
We approximate the full hadron-hadron scattering amplitude by a single (Born-order)
matrix element of the quark-quark interaction Hamiltonian HI . Since HI is T
aT a in color,
one must then have quark line rearrangement to have a nonvanishing overlap with two
color-singlet mesons in the final state. In (qq¯)−(qq¯) scattering there are four independent
Born-order diagrams, which we label according to which pair of constituents interacted;
these are “transfer1” (T1), “transfer2” (T2), “capture1” (C1) and “capture2” (C2), which
are shown in Fig.1. In the special case of identical quarks and identical antiquarks, which
is relevant here, there is a second set of four “symmetrizing” diagrams T1symm . . . C2symm,
which are identical to T1. . .C2 except that the quark lines are interchanged rather than
the antiquark lines.
The hadron-hadron T-matrix element Tfi for each diagram can conveniently be written
as an overlap integral of the meson wavefunctions times the underlying quark Tfi. These
overlap integrals (specializing Ref. [13] to the case of equal quark and antiquark masses)
are
T
(T1)
fi (AB → CD) =∫∫
d3q d3p Φ∗C(2~p+ ~q − ~C ) Φ∗D(2~p− ~q − 2 ~A− ~C )
Tfi(~q, ~p, ~p− ~A− ~C ) ΦA(2~p− ~q − ~A ) ΦB(2~p+ ~q − ~A− 2 ~C ) , (1)
T
(T2)
fi (AB → CD) =∫∫
d3q d3p Φ∗C(−2~p+ ~q + 2 ~A− ~C ) Φ∗D(−2~p− ~q − ~C )
6
Tfi(~q, ~p, ~p− ~A+ ~C ) ΦA(−2~p+ ~q + ~A ) ΦB(−2~p− ~q + ~A− 2 ~C ) . (2)
T
(C1)
fi (AB → CD) =∫∫
d3q d3p Φ∗C(2~p+ ~q − ~C ) Φ∗D(2~p− ~q − 2 ~A− ~C )
Tfi(~q, ~p,−~p + ~C ) ΦA(2~p− ~q − ~A ) ΦB(2~p− ~q − ~A− 2 ~C ) , (3)
T
(C2)
fi (AB → CD) =∫∫
d3q d3p Φ∗C(−2~p+ ~q + 2 ~A− ~C ) Φ∗D(−2~p− ~q − ~C )
Tfi(~q, ~p,−~p− ~C ) ΦA(−2~p+ ~q + ~A ) ΦB(−2~p + ~q + ~A− 2 ~C ) . (4)
The quark Tfi has momentum arguments Tfi(~q, ~p1, ~p2), which are defined in Fig.2. In
this paper we will evaluate these overlap integrals with standard Gaussian quark model
wavefunctions and the quark Tfi for the complete set of OGE color Coulomb, linear
scalar, OGE spin-spin, OGE and linear scalar confinement spin-orbit and OGE tensor
interactions. These interactions are given in App.A.
B. PsPs Scattering
1. I=2 pipi T-matrix
We specialize the general problem of PsPs scattering without qq¯ annihilation to I=2
ππ because many experiments have published phase shift analyses of this channel. The
other ππ channels have large s-channel qq¯ annihilation contributions. The full I=2 ππ
Born-order T-matrix element is determined by adding the individual contributions of
App.B, with PsPs spin matrix elements given in App.C, part C2. There are also flavor
and color factors for each diagram and an overall “signature” phase of (−1), and a second
set of “symmetrizing” diagrams for identical quarks and identical antiquarks, as discussed
in detail in Ref. [9]. On summing these contributions we find
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T I=2 ππfi = +
παs
m2
(
23
32
(
e−Q
2
+/8β
2
+ e−Q
2
−
/8β2
)
+
27
37/2
e−
~A 2/3β2
)
+
παs
β2
(
− 2
4
32
(
f 1
2
, 3
2
( ~Q 2+/8β
2) + f 1
2
, 3
2
( ~Q 2−/8β
2)
)
+
26
35/2
f 1
2
, 3
2
( ~A 2/6β2)
)
e−
~A 2/2β2
+
πb
β4
(
23
3
(
f− 1
2
, 3
2
( ~Q 2+/8β
2) + f− 1
2
, 3
2
( ~Q 2−/8β
2)
)
− 2
3
31/2
f− 1
2
, 3
2
( ~A 2/6β2)
)
e−
~A 2/2β2 (5)
where fa,c(x) is an abbreviation for the confluent hypergeometric (Kummer) function
1F1(a; c; x).
The three separate expressions above are the OGE spin-spin, color Coulomb and linear
confinement contributions respectively. The Q± terms come from the transfer diagrams,
and the remaining, isotropic, terms come from the capture diagrams. The spin matrix
elements of the spin-orbit and tensor terms vanish identically in the PsPs channel.
Since ~Q± = ~C ± ~A and | ~A| = | ~C|, one can equivalently write this amplitude as a
function of the CM momentum and scattering angle using ~Q 2± = 2 ~A
2(1 ± µ), where
µ = cos(θAC). The Bose symmetry required for this ππ scattering amplitude is evident.
2. I=2 pipi Phase Shifts
We may derive the elastic Born-order I=2 ππ phase shifts from Eq.(5), using the
relation between phase shifts and the T-matrix given in App.D, especially Eq.(D17), and
the integrals in App.G. The result we find for the S-wave is
δI=2 ππ0 =


kEπ
αs
m2
(
− 1
32
1
x
(
1− e−2x
)
− 24
37/2
e−4x/3
)
OGE spin-spin
kEπ
αs
β2
(
− 2
32
1
x
(
f1, 1
2
(−2x)− e−2x
)
− 23
35/2
f1, 3
2
(−2x/3) e−4x/3
)
OGE color Cou.
kEπ
b
β4
(
1
32
1
x
(
f2, 1
2
(−2x)− e−2x
)
+ 1
31/2
f2, 3
2
(−2x/3) e−4x/3
)
. linear conft.
(6)
where we have introduced x = ~A
2
/4β2. The total Born-order S-wave phase shift is the
sum of these three contributions.
This S-wave phase shift is shown in Fig.3 with our standard quark model parameter set
αs = 0.6, β = 0.4 GeV, m = 0.33 GeV and b = 0.18 GeV
2. We also use Mπ = 0.138 GeV
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throughout. This confirms that the color Coulomb and linear confinement interactions
make relatively small contributions to the I=2 ππ S-wave at moderate energies. The
weakly repulsive linear confining interaction in I=2 ππ near threshold was previously
found numerically by Swanson [10].
One might be concerned about the approximation of using SHO wavefunctions, es-
pecially at higher energy scales where there should be strong short-distance components
in the pion wavefunction due to the attractive spin-spin hyperfine interaction. To test
the sensitivity to SHO wavefunctions we evaluated the I=2 ππ scattering amplitudes
and phase shifts numerically using Coulomb plus linear plus hyperfine qq¯ wavefunctions
and Monte Carlo integration of the real space integrals corresponding to the T-matrix
integrals (1-4). As usual this requires a “smearing” of the contact hyperfine term,
δ(~x) → e−σ2r2/π3/4σ3/2, to allow solution of the Schro¨dinger equation with an attrac-
tive delta-function interaction. In the literature the inverse smearing length is typically
taken to be σ ≈ 1 GeV. (A calculation of I=2 ππ scattering with this interaction and
σ = 0.7 GeV was reported previously by Swanson [10].) With our standard light-quark
parameter set αs = 0.6, b = 0.18 GeV
2 and m = 0.33 GeV, we found that fitting the
Mρ −Mπ splitting required a value of σ = 0.86 GeV. To illustrate the dependence of the
scattering amplitude on this parameter, in Fig.4 we show the I=2 ππ S-wave that follows
from our standard quark model set (αs, b,m), with σ = 0.7, 0.8 and 0.9 GeV. Clearly the
predicted phase shift is rather similar to the SHO result of Fig.3, although the effect of
short-distance peaking in the π wavefunction is evident above Mππ ≈ 1 GeV.
We also show most of the higher statistics experimental results for the I=2 ππ S-wave
phase shift in Figs.3 and 4. The references shown are Colton et al. [18], Durusoy et al.
[19] (OPE extrapolation, solid; OPE + DP form factor, open, slightly displaced in x for
visibiity), Hoogland et al. [20] (extrapolation B), and Losty et al. [21]. Prukop et al. [22]
found a wide range of results from three different off-shell extrapolations, so we simply
quote their fitted scattering length below.
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Clearly there is already reasonable agreement with the experimental S-wave phase
shift at lower energies without fitting the quark model parameters. The model predicts a
rather dramatic extremum in this phase shift nearMππ = 1.5 GeV, which is unfortunately
beyond the limiting invariant mass of most of the experimental studies. There are some
measurements of this phase shift at higher invariant mass with lower accuracy due to
Durusoy et al. [19], which are also shown in the figure. The Durusoy et al. results
support our predicted extremum near Mππ = 1.5 GeV; indeed, their phase shift above
Mππ = 1.5 GeV appears to fall even more rapidly than we predict.
We have investigated optimal parameter fits of the S-wave phase shift formula Eq.(6)
to the data, but we find that these are rather unstable because the color Coulomb and
linear confinement contributions are small and are qualitatively similar functions. In any
case the Durusoy et al. data and Fig.4 show that the hyperfine smearing distance σ is
an important parameter, and this will not be well determined until accurate phase shift
data becomes available at higher invariant mass. An accurate measurement of I=2 ππ
scattering amplitudes near and above Mππ = 1.5 GeV would clearly be very useful as a
test of this and other models of meson-meson scattering.
3. I=2 pipi Scattering Lengths
The I=2 ππ scattering length is defined by aI=20 = limkπ→0 δ
I=2 ππ
0 /kπ. The results we
find from Eq.(6) are
aI=20 =


− 2
32
(
1 + 2
3
33/2
)
αs
m2
Mπ S · S
−22
32
(
2
31/2
− 1
)
αs
β 2
Mπ Cou.
−2
3
(
1− 31/2
2
)
b
β 4
Mπ lin.
(7)
and their numerical values with our standard quark model parameters set are
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aI=20 =


−0.085 [fm] S · S
−0.007 [fm] Cou.
−0.017 [fm] lin.
−0.109 [fm] total.
(8)
The Coulomb and linear contributions were independently checked by Monte Carlo in-
tegration of the corresponding real-space overlap integrals. The relative sizes of these
numerical contributions a posteriori justify the approximation of neglecting the color
Coulomb and linear terms in I=2 ππ scattering.
The I=2 ππ scattering length has been calculated previously using many other theo-
retical approaches. A summary of some of these predictions is given below. (We use a
current value of fπ = 93 MeV in Weinberg’s PCAC formula a
I=2
0 = −Mπ/16πfπ2.)
aI=20
∣∣∣∣
thy.
=


−0.053(7) [fm] LGT [7]
−0.052 [fm] meson exchange [23,24]
−0.053 [fm] Roy Eqs. [25]
−0.063 [fm] PCAC [26].
(9)
Although fπ and other effective lagrangian parameters are normally taken from exper-
iment, these parameters are of course calculable from quark-gluon forces. As an example,
our result for aI=20 yields the following expression for fπ,
1
fπ
2 =
25
32
(
1 +
23
33/2
)
παs
m2
+
26
32
(
2
31/2
− 1
)
παs
β 2
+
25
3
(
1− 3
1/2
2
)
πb
β 4
. (10)
The dominant contribution comes from the O(αs/m
2) OGE S · S term.
Experimental determinations of the scattering length have yielded results which are
larger than theoretical expectations;
aI=20
∣∣∣∣
expt.
=


−0.13(2) [fm] Losty et al. [21]
−0.24(2),−0.22+0.03−0.04 [fm] Prukop et al. [22] .
(11)
We speculate that this discrepancy is due to the use of a simple δ = kπa+O(kπ
3) effective
range formula in extrapolation. The difficulty of extrapolating experimental phase shifts
to threshold has been stressed by Morgan and Pennington [27,28]. We advocate the use
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of a “generalized specific heat plot” of low energy phase shifts for this purpose [12]. This
plot takes into account the threshold behavior seen in Eq.(6),
δI=2ππ0 = kπEπ f(αs, m, b, β, x) (12)
where f is a relatively slowly varying function of x = kπ
2/4β2. Thus the threshold
behavior is approximately proportional to kπEπ rather than just kπ, and since Mπ is quite
small this leads to rapid variation near threshold and makes the linear-kπ extrapolation
inaccurate. We suggest removal of all this dependence by displaying δ0/(kπEπ/Mπ) versus
kπ
2. The intercept in this plot is the scattering length, and the slope at intercept implies
the effective range.
This generalized specific heat plot is shown in Fig.5 for I=2 ππ scattering. An ex-
trapolation of the moderate-kπ data can now be seen to be much closer to the theoretical
scattering lengths. The small-kπ dependence of δ0/kπ was calculated by Donoghue [29]
in a chiral effective lagrangian, which gave the Weinberg result at kπ = 0 and an O(k
2
π)
correction factor of (1 + kπ
2/2mπ
2). This is just the correction due to an overall factor of
Eπ, so this predicts a zero slope in kπ
2 for δ0/(kπEπ/Mπ) at threshold.
The Ju¨lich meson-exchange model [23], which is dominated by t-channel ρ exchange
in this process, also predicts rapid variation in δ0/kπ near threshold. The prediction of
this model for δ0/(kπEπ/Mπ) [24], shown in Fig.5, is rather similar to our quark model
result.
4. I=2 pipi Equivalent Potentials
Low energy “phase shift equivalent” Gaussian I=2 ππ potentials, derived using the
method of Mott and Massey [30] as described in App.E, are given below. We quote
separate Gaussians for the transfer and capture contributions from each of the three in-
teractions, spin-spin contact, color Coulomb and linear hyperfine. However their predicted
phase shift decays more slowly at large momentum, probably due to the use of power law
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form factors in their vertices.
Vππ(r) =


+ 2
9/2
32π1/2
αsβ3
m2
e−2β
2r2 S · S (transfer)
+ 2
9/2
32π1/2
αsβ3
m2
e−
3
2
β2r2 S · S (capture)
− 211/2
31/253/2π1/2
αsβ e−
6
5
β2r2 Cou. (transfer)
+2
1/231/2
π1/2
αsβ e−
9
8
β2r2 Cou. (capture)
+ 2
9/231/2
73/2π1/2
b
β
e−
6
7
β2r2 lin. (transfer)
− 21/235/2
53/2π1/2
b
β
e−
9
10
β2r2 lin. (capture).
(13)
In Ref. [9] we derived I=2 ππ potentials for the spin-spin contact interaction using the
“locality expansion” method of Ref. [31]. This gave an identical result for the spin-spin
transfer potential, because this amplitude (before Bose symmetrization) is a function of
t only. However for the capture diagrams the Mott-Massey approach used here gives a
different potential, since it is constrained to reproduce the O(k3) series expansion of the
phase shift in Eq.(6), but the local approximation is not. The two capture potentials
reproduce the scattering length, but the local approximation gives an incorrect effective
range.
The low energy Mott-Massey I=2 ππ potential is shown in Fig.6 for our standard
quark model parameters αs = 0.6, b = 0.18 GeV
2 and m = 0.33 GeV. The spin-spin
hyperfine contribution is dominant over the range shown.
5. I=2 pipi Phase Shifts with L > 0
The higher partial waves (L ≥ 2) may be evaluated similarly. According to Eq.(5),
these receive contributions only from the transfer diagrams. The Born-order D-wave phase
shift with SHO wavefunctions is given by
δI=2 ππ2 =


kEπ
αs
m2
(
− 1
32
1−e−2x
x
+ 1
3
1+e−2x
x2
− 1
3
1−e−2x
x3
)
S · S
kEπ
αs
β2
(
− 2
32
f
1, 12
(−2x)−e−2x
x
+ 2
32
f
1,− 12
(−2x)+e−2x
x2
− 2
3·5
f
1,− 32
(−2x)−e−2x
x3
)
Cou.
kEπ
b
β4
(
1
3
f
2, 12
(−2x)−e−2x
x
− 1
5
f
2,− 12
(−2x)+e−2x
x2
+ 3
5·7
f
2,− 32
(−2x)−e−2x
x3
)
. lin.
(14)
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These three expressions are numerically rather small, and their phases are such that they
approximately cancel; at Mππ = 1.5 GeV they are respectively −0.8o, +0.2o and +0.4o.
To see this more clearly, the leading O(kπ
5) behavior predicted by Eq.(14) is
lim
kπ→0
δI=2 ππ2 /kπ
5 =
1
23 33 52
(
− 5 αsβ
2
m2
+ 2αs + 3
b
β2
)
Mπ
β6
, (15)
and the three dimensionless combinations αsβ
2/m2, αs and b/β
2 are comparable in size.
We have also evaluated this D-wave phase shift using Coulomb plus linear plus hyperfine
wavefunctions. The result is shown in Fig.4, and is numerically similar to the SHO D-
wave, Eq.(14).
In comparison the experimental D-waves reported by Durusoy et al. [19] and Hoogland
et al. [20] are ≈ −3o atMππ = 1.5 GeV (see Fig.4). (Losty et al [21] report a rather larger
but inconsistent low-energy D-wave.) This is clearly larger than our prediction, although
the rather slow variation of the Durusoy et al. and Hoogland et al. D-waves with Mππ
may indicate a problem with the measurements; the expected threshold behavior of kπ
5
is much more rapid than the observed energy dependence. Unfortunately the dispersion
relations represented by the Roy equations have technical difficulties with determining D-
and higher waves [25]. They do however lead to predictions of a positive D-wave close
to threshold, which is not evident in the data. The D-wave may well have important
meson exchange contributions, since this type of model can accommodate the reported
experimental phase shift [32].
C. PsV Scattering
1. I=2 piρ T-matrix
For simplicitly we will initially quote results only for I=2 πρ. The other isospin
channels are simply related by flavor factors, which we will discuss subsequently. We
assume identical spatial wavefunctions, so only the ρ spin degree of freedom and difference
in phase space distinguish this case from ππ. Summing the individual contributions in
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App.B with the appropriate flavor and color factors and the (−1) signature phase, and
using the PsV spin matrix elements of App.C part C3, we find for the I=2 πρ T-matrix
T I=2 πρfi =
+
παs
m2
(
+
23
33
(
3 e−
~Q 2
−
/8β2 − e− ~Q 2+/8β2
)
+
27
39/2
e−
~A 2/3β2
)
+
παs
β2
(
− 2
4
32
(
f 1
2
, 3
2
( ~Q2−/8β
2) + f 1
2
, 3
2
( ~Q2+/8β
2)
)
+
26
35/2
f 1
2
, 3
2
( ~A 2/6β2)
)
e−
~A 2/2β2
+
πb
β4
(
+
23
3
(
f− 1
2
, 3
2
( ~Q2−/8β
2) + f− 1
2
, 3
2
( ~Q2+/8β
2)
)
− 2
3
31/2
f− 1
2
, 3
2
( ~A 2/6β2)
)
e−
~A 2/2β2
+
παs
m2β2
(
− 2
2
32
f 3
2
, 5
2
( ~Q2+/8β
2)− 2
4
39/2
f 3
2
, 5
2
( ~A 2/6β2)
)
e−
~A 2/2β2
[
~Sρ · i( ~A× ~C )
]
+
πb
m2β4
(
+
2
32
f 1
2
, 5
2
( ~Q2+/8β
2)− 2
35/2
f 1
2
, 5
2
( ~A 2/6β2)
)
e−
~A 2/2β2
[
~Sρ · i( ~A× ~C )
]
+
παs
m2β2
(
+
2
32 · 5 f 52 , 72 (
~Q 2−/8β
2)
)
e−
~A 2/2β2
[
~Sρ · ~Q− ~Sρ · ~Q− − 2
3
~Q 2−
]
+
παs
m2β2
(
+
25
39/2 · 5 f 52 , 72 (
~A 2/6β2)
)
e−
~A 2/2β2
[ [
~Sρ · ~A ~Sρ · ~A− 2
3
~A 2
]
+
[
~Sρ · ~C ~Sρ · ~C− 2
3
~C 2
]]
.
(16)
The individual contributions in this result are respectively OGE spin-spin; OGE color
Coulomb; linear confinement; OGE spin-orbit; linear scalar confinement spin-orbit; OGE
tensor (transfer diagrams); and OGE tensor (capture diagrams). In all these we list
transfer followed by capture contributions. ~Sρ is the ρ meson spin vector, ~A and ~C
are the initial and final π momenta, ~B = − ~A and ~D = −~C are the initial and final ρ
momenta, and ~Q± = ~C ± ~A as in ππ. Since this result was derived in the CM frame,
| ~A| = | ~B| = | ~C| = | ~D|. This Tfi evidently describes πρ spin-orbit and tensor interactions,
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in addition to spin-independent scattering. It is interesting that there is a one-to-one
mapping between the quark-quark spin-orbit and tensor interactions and these πρ spin-
orbit and tensor terms. This simple result need not be true in general; a given spin-
dependent interaction at the quark level may give rise to a different type of hadron-
hadron interaction. As an example, a mapping of a tensor nucleon-nucleon force into a
nucleon-nucleus spin-orbit interaction was discussed by Stancu, Brink and Flocard. [33]
To evaluate phase shifts and inelasticities it is convenient to calculate the matrix
element of our πρ T-matrix Eq.(16) between general |jls〉 states, which gives the reduced
matrix element
T jl′l ≡ 〈jm, l′s|T |jm, ls〉 =
∑
µµ′
szs
′
z
〈jm|l′µ′, 1s′z〉〈jm|lµ, 1sz〉
∫∫
dΩ′ dΩ Y ∗l′µ′(Ω
′) 〈1s′z|Tfi(Ω′,Ω)|1sz〉 Ylµ(Ω) , (17)
as discussed in App.D. This is a straightforward exercise, although integrals of special
functions and a careful angular analysis of the spin-orbit and tensor terms are required;
the details are discussed in Apps.G and H. This matrix element is diagonal in l except for
the tensor interaction, which has both diagonal and off-diagonal (transfer) and fully off-
diagonal (capture) contributions. The l-diagonal results, again showing transfer diagram
contributions followed by capture, are
T jll|S·S =
π2αs
m2
(
(1 + δl,odd)
26
33
il(x) e
−x + δl,0
29
39/2
e−4x/3
)
(18)
T jll|Cou. =
π2αs
β2
(
−δl,even 2
6
32
F (l)1
2
, 3
2
(x) + δl,0
28
35/2
f 1
2
, 3
2
(2x/3)
)
e−2x (19)
T jll|lin. =
π2b
β4
(
δl,even
25
3
F (l)− 1
2
, 3
2
(x)− δl,0 2
5
31/2
f− 1
2
, 3
2
(2x/3)
)
e−2x (20)
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T jll|OGE L·S =
π2αs
m2
〈~L · ~S 〉
·
(
−2
5
32
1
(2l + 1)
x
(
F (l−1)3
2
, 5
2
(x)− F (l+1)3
2
, 5
2
(x)
)
− δl,1 2
8
311/2
x f 3
2
, 5
2
(2x/3)
)
e−2x (21)
T jll|lin. L·S =
π2b
m2β2
〈~L · ~S 〉
·
(
24
32
1
(2l + 1)
x
(
F (l−1)1
2
, 5
2
(x)−F (l+1)1
2
, 5
2
(x)
)
− δl,1 2
5
37/2
x f 1
2
, 5
2
(2x/3)
)
e−2x (22)
T jll|transferOGE T =
π2αs
m2
〈T 〉
·(−1)l+1 2
4
33 · 5 x
(
l
(2l + 1)
F (l−1)5
2
, 7
2
(x) +
2l
(2l + 3)
F (l)5
2
, 7
2
(x) +
l(2l − 1)
(2l + 1)(2l + 3)
F (l+1)5
2
, 7
2
(x)
)
e−2x (23)
and the off-diagonal tensor matrix elements are
T jl′ 6=l|transferOGE T =
π2αs
m2
(
δl,j−1δl′,j+1 + δl,j+1δl′,j−1
)
·(−1)j+1 2
4
32 · 5
[j(j + 1)]1/2
(2j + 1)
x
(
F (j−1)5
2
, 7
2
(x) + 2F (j)5
2
, 7
2
(x) + F (j+1)5
2
, 7
2
(x)
)
e−2x (24)
T jl′ 6=l|captureOGE T =
π2αs
m2
δj1
(
δl2δl′0 + δl0δl′2
) 219/2
311/2 · 5 x f 52 , 72 (2x/3) e
−2x . (25)
In these formulas il(x) is a modified spherical Bessel function, the tensor 〈T 〉 matrix
element between |j, l, s = 1〉 πρ states is
〈T 〉 =


1 j = l + 1
−(2l + 3)/l j = l
(l + 1)(2l + 3)/l(2l − 1) j = l − 1 ,
(26)
and the integral
F (l)a,c(x) ≡
∫ 1
−1
dµPl(µ) 1F1(a; c; x(1 + µ)) (27)
is evaluated in App.G.
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2. I=2 piρ S-wave Phase Shifts
In S-wave to S-wave scattering the spin-orbit and tensor πρ T-matrix contributions
vanish, and we are left with color Coulomb, linear and spin-spin contributions, just as
in the I=2 ππ case. The I=2 πρ S-wave phase shifts that result from these interactions,
again using Eq.(D17), are
δI=2 πρ0 =


kEπEρ√
s
αs
m2
(
− 22
33
1
x
(
1− e−2x
)
− 26
39/2
e−4x/3
)
S · S
kEπEρ√
s
αs
β2
(
− 23
32
1
x
(
f1, 1
2
(−2x)− e−2x
)
− 25
35/2
f1, 3
2
(−2x/3) e−4x/3
)
Cou.
kEπEρ√
s
b
β4
(
22
32
1
x
(
f2, 1
2
(−2x)− e−2x
)
+ 2
2
31/2
f2, 3
2
(−2x/3) e−4x/3
)
lin.
(28)
where
√
s = (Eπ + Eρ), and again x = ~A
2
/4β2. In Fig.6 we show these individual
components and the total S-wave phase shift with our standard quark model parameter
set and meson masses (used throughout) of Mπ = 0.138 GeV and Mρ = 0.77 GeV. The
forces considered here evidently lead to strong repulsion in the I=2 πρ channel.
3. I=2 piρ Phase Shifts with L > 0
The spin-orbit and tensor terms in Eqs.(21-23) all contribute to l > 0 πρ scattering,
and there is also an odd-l, j-independent term due to the OGE spin-spin interaction
in Eq.(18), which is not symmetric under µ → −µ. The color Coulomb and linear
confinement spin-independent terms, Eqs.(19,20), contribute only to even l.
Adding the various diagonal matrix elements of Eqs.(18-23) and using Eq.(D17) gives
phase shifts for each 3LJ partial wave. In Fig.8 we show results for all P-wave channels
and for J=L±1 in D- and F-wave. Note that there is a large, inverted spin-orbit force in
the P-wave, so the 3P0 phase shift is widely separated from
3P2, and has an even larger
maximum phase shift than the S-wave. The higher-L channels show decreasing phase
shifts with increasing L, as expected for short-ranged quark-gluon forces.
The relative importance of the individual contributions to the spin-dependent force
is of considerable interest. In Fig.9 we show the various spin-dependent contributions
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to the I=2 3P2 πρ phase shift. The largest contribution arises from OGE spin-orbit,
in particular from the transfer diagrams. The OGE and confinement spin-orbit capture
diagrams give smaller contributions of the same sign. Finally, the confinement spin-
orbit transfer diagrams have a sign opposite to all these and reduces the total spin-orbit
force somewhat. This dominance of the PsV spin-orbit by OGE is an interesting result,
especially since Mukhopadhyay and Pirner [34] found the opposite result in KN. In that
system they concluded that confinement, not OGE, makes the largest contribution to the
spin-orbit force. The OGE tensor in I=2 3P2 πρ is weakly repulsive; it makes a much
larger contribution to 3P1 and
3P0, where the tensor matrix element is respectively −5
and 10 times as large. The OGE tensor is evident in Fig.8, in the departure of the ratio
(3P2 − 3P1):(3P1 − 3P0) from the pure spin-orbit value of 2:1 at higher energies.
There is also an off-diagonal coupling due to the OGE tensor terms, given by
Eqs.(24,25), but we have neglected this in calculating phase shifts because we find that it is
numerically a small effect. The largest coupling at low energies is 3S1 ↔ 3D1, which leads
to an inelasticity of only ηSD = 0.97 byMπρ = 3.0 GeV (calculated using Eqs.(D18-D20)).
4. I=2 piρ P-wave Spin-Orbit Potentials
We may determine low energy Gaussian equivalent πρ potentials from the phase shifts,
as discussed in App.E. The most interesting potential phenomenologically is the spin-orbit
one, since the origin of the spin-orbit interaction in the NN system is a long-standing and
still poorly understood problem. In particular we derived Gaussian potentials correspond-
ing to the P-wave phase shifts due to the OGE and linear scalar confinement spin-orbit
interactions, using Eq.(E4) of App.E. The results for the transfer and capture contribu-
tions to these potentials are
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V s.o.πρ (r) =


− 211/255/2
3275/2π1/2
αsβ3
m2
〈~L · ~S〉 e− 107 β2r2 OGE (transfer)
− 55/2
39/2π1/2
αsβ3
m2
〈~L · ~S〉 e− 54β2r2 OGE (capture)
+2
9/255/2
37π1/2
bβ
m2
〈~L · ~S〉 e− 109 β2r2 lin. (transfer)
− 55/2
21/275/2π1/2
bβ
m2
〈~L · ~S〉 e− 1514β2r2 lin. (capture) .
(29)
The OGE, linear and total spin-orbit potentials for the 3P2 wave of I=2 πρ are shown
in Fig.10 for our standard parameter set. The largest contribution to the πρ spin-orbit
force comes from OGE transfer diagrams; the linear confinement spin-orbit from the
transfer diagrams is about half as large and opposite in sign, and the two capture diagram
contributions are much smaller. Since the confinement capture and transfer diagrams have
opposite signs, the net result is dominance of the PsV spin-orbit by the OGE contribution.
D. Scattering in JPCn-Exotic PsV Channels.
TABLE I. JPCn Exotic States in PsV.
Channel Exotic Quantum Numbers
Meson Pair Itot S P D F G
piρ 0, 2 − 0−− 2+− − 4+−
1 − 1−+ − 3−+
piω, ηρ 1 − 0−− 2+− − 4+−
ηω 0 − 0−− 2+− − 4+−
The recent evidence for JPCn-exotic resonances π1(1400) and π1(1600) [35] has made
the study of scattering amplitudes in exotic channels especially interesting. The surpris-
ingly low mass of the π1(1400) in particular has led to suggestions that it might not be
a “hybrid” gluonic excitation, since these are expected at ≈ 1.8− 2.0 GeV [36]. Another
possibility that the π1(1400) is a “multiquark”, perhaps a meson-meson bound state in
a very attractive channel. We can test the plausibility of this type of assignment by
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calculating meson-meson scattering amplitudes in the various exotic channels.
The exotic channels accessible to the lightest nonstrange PsV meson pairs are listed
in Table I. (We do not tabulate light PsPs exotic amplitudes because they are zero in this
model. The PsPs exotic channels are odd-l πη, πη′ and ηη′, whereas the quark interchange
model PsPs scattering amplitudes are even-l, assuming identical spatial wavefunctions.)
We generally expect the largest scattering amplitudes to be in the lower partial waves.
In PsV the P-wave has the first exotics, which are JPCn = 0−− (all channels except I=1
πρ) and JPCn = 1−+ (I=1 πρ only). Calculation of these scattering amplitudes simply
requires changing the external qq¯ flavor states attached to the Feynman diagrams of Fig.1.
The results relative to the I=2 πρ case treated in the paper are summarized in Table II.
TABLE II. Overall flavor factors in diagonal PsV scattering.
Channel Relative Amplitude
piρ I=2 +1
1 0
0 −1/2
piω 1 +1/2
ηρ 1 +1/4
ηω 0 +1/4
Inspection of the tables shows that the largest exotic scattering amplitude should be
in the I=2 πρ 0−− P-wave. The elastic phase shift in this channel is the 3P0 curve in
Fig.8. The large negative phase shift shows that this is a strongly repulsive channel; the
maximum phase shift is predicted to be a quite large ≈ −50o at Mπρ ≈ 3.1 GeV, which
exceeds even the S-wave phase shift maximum. The largest attractive exotic phase shift
we have found in PsV is the I=0 partner, which is −1/2 of I=2, giving a maximum phase
shift of ≈ +25o at the same mass. We do not find sufficient attraction to form a meson-
meson “molecular” bound state in any of these nonstrange JPCn-exotic PsV channels.
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The η channels are relatively weak because only the nn¯ part of the η contributes to these
diagonal scattering amplitudes; the ss¯ component leads to open-strange final states (K∗K¯
for example) after quark line interchange.
Regarding candidate exotic resonances, there have been speculations that the determi-
nation of the mass and width of the exotic candidate π1(1400) may have been compromised
by inelastic rescattering effects [37], analogous to the “Deck effect” proposed as a nonres-
onant explanation of the a1(1260). For example, crossing the πb1 threshold at ≈ 1.4 GeV
in the process πρ → πb1 → πη might mimic resonant phase motion if this process has
a rapidly varying inelasticity. We can test this and other nonresonant possibilities by
calculating the elementary 2→ 2 scattering amplitudes using our quark model approach.
Some important results follow from simple flavor factors. Note in particular that the
nonresonant scattering amplitude πρ→ πρ vanishes in any I=1 channel, including the π1
exotic one. This is a general result whenever the quark line diagram of Fig.1 dominates;
clearly a pair of oppositely charged, nonstrange qq¯ mesons A+B− cannot scatter into
another charged pair C+D− under quark interchange. A comparison with isospin matrix
elements shows that this implies that scattering of any two qq¯ isovectors in I=1 vanishes.
This isospin selection rule eliminates two subprocesses discussed by Donnachie and Page
[37] as Deck effect backgrounds that might shift a higher-mass exotic resonance to an
apparent π1(1400), πρ→ πb1 → πη and πρ→ πρ→ πη.
Independent of any scattering model, one should note that the coupling πρ → πb1 is
probably small because of the strong VES experimental limit (reported by V.Dorofeev
[35]) of
B(π2(1670)→ πb1) < 0.19% (2σ c.l.) . (30)
Since π2 → πρ is a large mode (B = 31(4)% [39]), if πρ→ πb1 rescattering were important
we would also expect to observe a large π2 → πb1 branching fraction.
We also expect the final background process suggested by Donnachie and Page (πρ→
πη → πη) to be small, because the direct time ordering πη → πη vanishes in P-wave in
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this model. Finally, the rescattering process they propose, π1(1600) → πb1 → ηπ, does
not vanish in the quark interchange model, although the required ∆l = 1 and suppressed
η flavor factor may nonetheless make this a relatively weak amplitude. A calculation of
this and related scattering amplitudes is planned for a future publication.
E. Experimental prospects for measuring PsV phase shifts.
Although there is little experimental information about PsV interactions at present,
these phase shifts actually are experimentally accessible in existing data, for example as
relative FSI phases in the D and S amplitudes in b1 → ωπ. These are usually, and in-
correctly, taken to be relatively real amplitudes. The relative phase including the FSI is
D/S = |D/S| · ei(δD−δS) [38], and is observable for example as a reduction in the strength
of the SD cross term in the πω angular distribution by cos(δS − δD). Since this method
requires individual measurements of the S2, D2 and SD cross term in the angular distri-
bution, it should be applicable to cases such as b1(1230)→ πω and b1(1600)→ πω where
S and D are of comparable magnitude [40]. The δSD = δS− δD phases we predict at these
masses (which are calculated from +1/2 times the 3S1 and
3D1 I=2 πρ phases in Figs.7,8)
are δπωSD(Mπω = 1.23 GeV) = −14.o and δπωSD(Mπω = 1.60 GeV) = −17.o.
This proposed technique is similar to that used in Ke4 decays [27], in which the low
energy I=0 ππ S-wave phase shift is actually observed as the difference between the I=0
S-wave and I=1 P-wave ππ FSI phases.
III. SUMMARY AND CONCLUSIONS
In this paper we have derived meson-meson scattering amplitudes, including spin-
dependent forces, from a calculation of the Born-order matrix element of the quark-
quark interaction between two-meson states. Since qq¯ annihilation is not included in
the model, it describes scattering that does not involve coupling to s-channel resonances.
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This includes for example I=2 and the nonresonant backgrounds in all channels, including
exotic JPCn.
We considered the cases of PsPs and PsV scattering, and derived the scattering ampli-
tudes in all j, l, s channels for these cases. The parameters of the model were previously
fixed by quark model studies of hadron spectroscopy. Where possible we have compared
the results to experiment.
In I=2 ππ (the best studied PsPs case) the results were shown to be in reasonable
agreement with experiment in S-wave scattering, and an extremum predicted near Mππ =
1.5 GeV is supported by the data. Rapid variation of δ0/kπ is predicted near threshold,
which may reconcile theoretical expectations of a small scattering length with larger
reported experimental values based on extrapolation in kπ
2. The experimental D-wave,
although quite small, is clearly larger than the model predicts.
The PsV system is a convenient theoretical laboratory for studying spin-dependent
forces, since it can accommodate both spin-orbit and tensor interactions, and is simpler
than KN or NN. We derived analytical results for these spin-dependent PsV interactions
(T-matrices and phase shifts) given SHO wavefunctions and the standard spin-dependent
quark model forces. The quark-quark spin-orbit and tensor forces map directly into spin-
orbit and tensor PsV interactions. We find that the OGE spin-orbit force in the PsV
system is quite large in P-wave, and so is expected to be large in many other hadron-
hadron systems as well.
There is no PsV phase shift data at present. We noted however that PsV phase shifts
actually can be measured in multiamplitude resonance decays to PsV final states, so it
should be possible to test theoretical predictions for PsV scattering amplitudes in future
experimental studies.
Our predictions for scattering in JPCn-exotic channels are of current interest because
the reported exotics might be complicated by large and rapidly varying nonresonant in-
elasticities. One speculation is that the π1(1400) parameters might be strongly affected
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by the opening of inelastic couplings to the πb1 channel. In our model (and in any qq¯
constituent interchange model) several of these nonresonant processes can be rejected as
significant complications because of vanishing flavor factors.
In future we plan to extend our calculations to other exotic meson-meson channels,
such as S+P, to test whether strong attractive interactions are predicted that might
support “multiquark exotics” such as S+P molecules. We also plan to apply the current
approach to the study of spin-dependent interactions in other hadronic systems, including
KN, NN and light hadron + charmonium systems.
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APPENDIX A: QUARK-LEVEL T-MATRICES AND WAVEFUNCTIONS
The various contributions to the quark-quark Tfi (with color factors of T
aT a removed)
are
Tfi(~q, ~p1, ~p2 ) =


−8παs
3m2
[
~S1 · ~S2
]
OGE spin-spin
+4παs
~q 2
OGE color Coulomb
+6πb
~q 4
linear conft.
+4iπαs
m2~q 2
[
~S1 ·
(
~q × ( ~p1
2
− ~p2)
)
+ ~S2 ·
(
~q × (~p1 − ~p22 )
)]
OGE spin-orbit
− 3iπb
m2~q 4
[
~S1 · (~q × ~p1)− ~S2 · (~q × ~p2)
]
linear spin-orbit
+ 4παs
m2~q 2
[
~S1 · ~q ~S2 · ~q − 13 ~q 2 ~S1 · ~S2
]
OGE tensor.
(A1)
The standard qq¯ quark model Gaussian wavefunction is given by
Φ(~prel) =
1
π3/4β3/2
e−~p
2
rel
/8β2 (A2)
where in general
~prel =
mq¯~pq −mq~pq¯
(mq +mq¯)/2
(A3)
and for our special case of equal quark and antiquark masses
~prel = ~pq − ~pq¯ . (A4)
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APPENDIX B: EXPLICIT OVERLAP INTEGRALS
B1. Results Included
In this appendix we give the explicit meson-meson T-matrix elements that follow from
the overlap integrals Eqs.(1-4) with Gaussian wavefunctions and the various quark T-
matrix elements. The OGE spin-spin hyperfine, color Coulomb and linear confinement
results were derived previously [13]. For completeness we quote the formulas here, as well
as giving the new spin-orbit and tensor results. The multiplicative diagram-dependent
color and flavor factors and the signature phase (which is (−1) for these meson-meson
scattering diagrams) are not included in the results given below. These formulas abbre-
viate the confluent hypergeometric function 1F1(a; c; x) as fa,c(x), and ~Q± = ( ~C ± ~A ).
B2. OGE Spin-Spin Hyperfine Contribution
These simple contact matrix elements were evaluated previously, for example in Ref. [9]
(in an equivalent form, but incorporating color factors and the signature phase, as Eqs.(71-
73) of that reference). The results are
Tfi
(T1) = − 2
3
3
παs
m2
e−
~Q2+/8β
2
[
~S1 · ~S2
]
(B1)
Tfi
(T2) = Tfi
(T1)( ~C → −~C) (B2)
Tfi
(C1) = − 2
6
35/2
παs
m2
e−
~A 2/3β2
[
~S1 · ~S2
]
(B3)
Tfi
(C2) = Tfi
(C1) . (B4)
B3. OGE Color Coulomb Contribution
The contribution of the OGE color Coulomb interaction to the meson-meson T-matrix
follows from the evaluation of the integrals Eqs.(1-4) with the second quark-quark Tfi in
Eq.(A1). The results are
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Tfi
(T1) = + 22
παs
β2
f 1
2
, 3
2
( ~Q 2−/8β
2) e−
~A 2/2β2 (B5)
Tfi
(T2) = Tfi
(T1)( ~C → −~C) (B6)
Tfi
(C1) = +
23
31/2
παs
β2
f 1
2
, 3
2
( ~A 2/6β2) e−
~A 2/2β2 (B7)
Tfi
(C2) = Tfi
(C1) . (B8)
B4. Linear Confinement Contribution
The linear confinement integrals were carried out in coordinate space, since the Fourier
transform of the linear potential is singular. The results are
Tfi
(T1) = −6 πb
β4
f− 1
2
, 3
2
( ~Q 2−/8β
2) e−
~A 2/2β2 (B9)
Tfi
(T2) = Tfi
(T1)( ~C → −~C) (B10)
Tfi
(C1) = − 33/2 πb
β4
f− 1
2
, 3
2
( ~A 2/6β2) e−
~A 2/2β2 (B11)
Tfi
(C2) = Tfi
(C1) . (B12)
One may also obtain these results using the momentum space integrals Eqs.(1-4), but
the 1/q4 quark-quark Tfi in Eq.(A1) must include a long-distance regularization in the
intermediate stages of the integration. The final result is well defined due to the Gaus-
sian damping provided by the wavefunctions. We have checked both the linear and color
Coulomb Tfi results by comparing the expressions Eqs.(B5-B12) with Monte Carlo eval-
uations of the corresponding real-space overlap integrals.
B5. OGE Spin-Orbit Contribution
The four OGE spin-orbit overlap integrals can be evaluated similarly using the fourth
quark-quark Tfi in Eq.(A1), which gives
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Tfi
(T1) = − παs
m2β2
f 3
2
, 5
2
( ~Q 2−/8β
2) e−
~A 2/2β2
[
(~S1 + ~S2) · i( ~A× ~C)
]
(B13)
Tfi
(T2) = Tfi
(T1)( ~C → −~C) (B14)
Tfi
(C1) = +
4
35/2
παs
m2β2
f 3
2
, 5
2
( ~A 2/6β2) e−
~A 2/2β2
[
(~S1 − ~S2) · i( ~A× ~C)
]
(B15)
Tfi
(C2) = − Tfi(C1) . (B16)
B6. Scalar Confinement Spin-Orbit Contribution
The matrix elements Eqs.(1-4), of the scalar confinement spin-orbit interaction in
Eq.(A1) are
Tfi
(T1) = +
1
2
πb
m2β4
f 1
2
, 5
2
( ~Q 2−/8β
2) e−
~A 2/2β2
[
(~S1 + ~S2) · i( ~A× ~C)
]
(B17)
Tfi
(T2) = Tfi
(T1)( ~C → −~C) (B18)
Tfi
(C1) = +
1
2 · 31/2
πb
m2β4
f 1
2
, 5
2
( ~A 2/6β2) e−
~A 2/2β2
[
(~S1 − ~S2) · i( ~A× ~C)
]
(B19)
Tfi
(C2) = − Tfi(C1) . (B20)
B7. OGE Tensor Contribution
Finally, for the OGE tensor Tfi (the last entry in Eq.(A1) we find
Tfi
(T1) = +
1
5
παs
m2β2
f 5
2
, 7
2
( ~Q 2−/8β
2) e−
~A2/2β2
[
~S1 · ~Q− ~S2 · ~Q− − 1
3
~Q 2− ~S1 · ~S2
]
(B21)
Tfi
(T2) = Tfi
(T1)( ~C → −~C) (B22)
Tfi
(C1) = +
25
35/2 · 5
παs
m2β2
f 5
2
, 7
2
( ~A 2/6β2) e−
~A 2/2β2
[
~S1 · ~A ~S2 · ~A− 1
3
~A 2 ~S1 · ~S2
]
(B23)
Tfi
(C2) = Tfi
(C1) . (B24)
The tensor matrix elements in the capture diagrams, Eqs.(B23,B24), are the only
cases in which we have found a post-prior discrepancy in these PsPs and PsV scattering
amplitudes; the post forms of these matrix elements involve a tensor in ~C rather than ~A,
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Tfi
(C1,post) = +
25
35/2 · 5
παs
m2β2
f 5
2
, 7
2
( ~A 2/6β2) e−
~A 2/2β2
[
~S1 · ~C ~S2 · ~C − 1
3
~C 2 ~S1 · ~S2
]
.
(B25)
These capture tensor terms vanish in the PsPs channel. They do make a small, off-diagonal
contribution to PsV scattering, albeit only in the 3S1 ↔ 3D1 amplitude.
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APPENDIX C: MAPPING QUARK SPINS INTO HADRON SPINS.
C1. Spin Matrix Elements
In these scattering amplitude calculations the matrix elements of spin-dependent quark
interactions (the spin-spin, spin-orbit and tensor forces) involve matrix elements of linear
and bilinear quark spin operators. Since the quark spins are not directly observed, it
is useful to replace them by the spins of the external hadrons. This appendix gives the
(diagram dependent) mapping from quark spins to hadron spins in the PsPs and PsV
cases considered in this paper.
The spin matrix elements we require are I, S(1)i, S(2)i and S(1)iS(2)j between general
initial and final PsPs and PsV spin states. Our convention for the diagrams (Fig.1) is
that mesons A and C are always Ps (e.g. π), and B and D are Ps or V (e.g. π or ρ).
C2. PsPs
First, in PsPs scattering there are no external meson spins, so the quark spin matrix
elements are proportional to geometrical tensors such as δij . The matrix elements by
diagram are
〈PsPs| I |PsPs〉 = +1
2
all diagrams (C1)
〈PsPs|S(1)i |PsPs〉 = 〈PsPs|S(2)i |PsPs〉 = 0 all diagrams (C2)
〈PsPs|S(1)iS(2)j |PsPs〉 =


+1
8
δij T1, T2, T1symm, T2symm
−1
8
δij C1, C2, C1symm, C2symm
hence (C3)
〈PsPs| ~S(1) · ~S(2) |PsPs〉 =


+3
8
T1, T2, T1symm, T2symm
−3
8
C1, C2, C1symm, C2symm
. (C4)
Note that the spin-orbit and tensor terms vanish identically in PsPs scattering; this follows
from applying Eqs.(C2,C3) to Eq.(A1).
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C3. PsV
In PsV scattering the vector (e.g. ρ) meson spin ~Sρ provides an additional degree of
freedom, and the linear and quadratic quark spin matrix elements can be expressed in
terms of the ρ spin matrix elements 〈ρf |Siρ|ρi〉 and 〈ρf |SiρSjρ|ρi〉. The mapping of quark
to meson spins is
〈(πρ)f |I|(πρ)i〉 = +1
2
〈ρf |I|ρi〉 all diagrams (C5)
〈(πρ)f |S(1)i|(πρ)i〉 =


−1
4
〈ρf |Siρ|ρi〉 T1, T2symm, C1, C2symm
+1
4
〈ρf |Siρ|ρi〉 T2, T1symm, C2, C1symm
(C6)
〈(πρ)f |S(2)i|(πρ)i〉 = +1
4
〈ρf |Siρ|ρi〉 all diagrams (C7)
〈(πρ)f |S(1)iS(2)j|(πρ)i〉 =


+1
8
δij〈ρf |I|ρi〉+ 18 i ǫijk 〈ρf |Skρ |ρi〉 − 14 〈ρf |SiρSjρ|ρi〉 T1, T2symm
+1
8
δij〈ρf |I|ρi〉+ 18 i ǫijk 〈ρf |Skρ |ρi〉 T2, T1symm
−1
8
δij〈ρf |I|ρi〉 − 18 i ǫijk 〈ρf |Skρ |ρi〉 C1, C2symm
−1
8
δij〈ρf |I|ρi〉 − 18 i ǫijk 〈ρf |Skρ |ρi〉+ 14 〈ρf |SiρSjρ|ρi〉 C2, C1symm
. (C8)
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APPENDIX D: PHASE SHIFTS AND INELASTICITIES FROM THE
T-MATRIX
Since total angular momentum is conserved, the T-matrix is block diagonal in a total
angular momentum basis, and can be written as
T =
∑
jm
|jm〉 Tj 〈jm| . (D1)
The coefficients {Tj} can be determined by evaluating the matrix element
Tj = 〈jm| T |jm〉 . (D2)
In the special case of spinless scattering these basis states are eigenstates of orbital angular
momentum
|lm〉 =
∫
dΩ Ylm(Ω) |Ω〉 , (D3)
so the T-matrix is given by
T =
∑
lm
|lm〉 Tl 〈lm| =
∑
lm
∫∫
dΩ dΩ′ |Ω′〉 Ylm(Ω′) Tl Y ∗lm(Ω) 〈Ω| . (D4)
The T-matrix can also be written in terms of the scattering amplitude Tfi(Ω,Ω
′) between
momentum eigenstates,
T =
∫∫
dΩ dΩ′ |Ω′〉 Tfi(Ω,Ω′) 〈Ω| , (D5)
so Tfi(Ω,Ω
′) and Tl are related by
Tfi(Ω,Ω
′) =
∑
l
Tl
∑
m
Ylm(Ω
′) Y ∗lm(Ω) =
∑
l
2l + 1
4π
Tl Pl(µ) (D6)
and hence
Tl = 〈lm|T |lm〉 =
∫∫
dΩ dΩ′ Y ∗lm(Ω
′) Tfi(Ω,Ω
′) Ylm(Ω) (D7)
where µ = cos θΩΩ′ . A more familiar quantum-mechanical result follows from fixing the
incident direction Ω = zˆ in Eq.(D6) and integrating over final angles with a Pl(µ) weight,
which gives
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Tl = 2π
∫ 1
−1
dµ Pl(µ) Tfi(zˆ,Ω
′) . (D8)
Since we define Tfi(Ω,Ω
′) by
〈CΩ′, D−Ω′ |S |AΩ, B−Ω 〉 = δfi − i (2π)4 δ(4)(A+B − C −D) Tfi , (D9)
it is related to the Lorentz invariant 2→ 2 scattering amplitude M defined by the PDG
[39] (their Eq.(35.8)) by
Tfi =
M∏4
n=1(2En)
1/2
(D10)
and hence to the CM scattering amplitude f(k, θ) (their Eq.(35.48)) by
Tfi = − 8π√
s
f(k, θ) . (D11)
(Here k is the CM momentum of any particle, k = | ~A| = | ~B| = | ~C| = | ~D|.) The partial
wave expansion of f(k, θ), Eq.(35.44),
f(k, θ) =
∑
l
(2l + 1) al Pl(µ) (D12)
and the relation between a diagonal partial wave amplitude al and the phase shift
al =
e2iδl − 1
2i
(D13)
allow us to determine δl from Tfi. For purely elastic scattering, and assuming small phase
shifts so that al ≈ δl, Eqs.(D6-D13) give
δl = − 1
4π
kEAEB√
s
∫
dµ Pl(µ) Tfi(zˆ,Ω
′) = − 1
8π2
kEAEB√
s
Tl . (D14)
This relation was used previously to determine for example Kπ [11] and l-diagonal KN
[12] elastic phase shifts. In the case of elastic scattering of identical bosons, such as I=2
ππ, there is an additional factor of two for identical particles [38], so the relation between
the Born-order phase shift and the T-matrix element becomes
δl
∣∣∣∣
ident.
= −kEA
16π
∫ +1
−1
Tfi Pℓ(µ) dµ . (D15)
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Since the angular integral in Eq.(D14) is proportional to the amplitude 〈lm| T |lm〉,
we may also write the Born-order elastic phase shift (for distinguishable particles) directly
in terms of the T-matrix,
δl = − 1
8π2
kEAEB√
s
〈lm| T |lm〉 . (D16)
This formula has a straightforward generalization to the case of external hadrons with
spin, which we use to evaluate πρ phase shifts and inelasticities. In the case of an l- and
s-diagonal interaction this is
δjls = − 1
8π2
kEAEB√
s
〈jm; ls| T |jm; ls〉 . (D17)
This is adequate for diagonal forces such as our πρ spin-orbit interactions. The ten-
sor force however is not l-diagonal, so for this case we must introduce a more general
parametrization. Since the tensor interaction couples l, l′ channel pairs which have the
same j but differ by |l− l′| = 2, it leads to 2× 2 S-matrices. These can be parametrized
as
Sj =

 ηll′ e
2iδl i
√
1− η2ll′ ei(δl+δl′ )
i
√
1− η2ll′ ei(δl+δl′ ) ηll′ e2iδl′

 . (D18)
In our calculation, both of the phase shifts and the inelasticity ǫll′ ≡
√
1− η2ll′ are
O(HI), so to this order we can relate these linearly to the matrix elements of HI . The
Born order phase shift formula (D17) remains valid for both channels, and the inelasticity
is
ǫll′ = − 1
4π2
kEAEB√
s
〈jm; l′s| T |jm; ls〉 . (D19)
The overall phase of ǫll′ is dependent on the state normalizations, but the familiar
ηll′ =
∣∣∣√1− ǫ2ll′
∣∣∣ (D20)
is unique.
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APPENDIX E: POTENTIALS FROM THE T-MATRIX
Potentials provide a very useful representation of hadron-hadron interactions. They
have a clear intuitive meaning, and can easily be used in the nonrelativistic Schro¨dinger
equation in searches for bound states or in coupled channel problems.
Unfortunately, one may define hadron-hadron potentials in many different ways. Ide-
ally they should reproduce phase shifts or T-matrix elements, at least in the low energy
limit. The assumption of a unique, purely local potential is in general overly restrictive,
as it leads to a scattering amplitude that is a function of t only. In general we find 2→ 2
scattering amplitudes that depend on both s and t. One approach to this problem is to
introduce nonlocal “gradient” corrections to the potential [31], which can be expressed for
example as V (r) ~L · ~S terms; this approach leads to the familiar Breit-Fermi Hamiltonian
for one-photon and one-gluon exchange, and was used to define hadron-hadron potentials
in our previous work [9,13].
Alternatively one may project the scattering amplitude onto a given angular channel
l so that only s dependence remains, and find a local l-wave potential that describes the
scattering in that channel. This definition of potentials was discussed by Mott and Massey
[30], and is equivalent to the definition we shall use here. This approach was previously
used by Swanson [10] to define meson-meson potentials from scattering amplitudes.
The quantum mechanical relation between the phase shift δl(k) and the radial wave-
function Rl(r) in potential scattering of a mass µ particle (which becomes the reduced
mass below) in first Born approximation is
δl = −2µk
∫ ∞
0
r2 dr V (r) jl(kr)
2 . (E1)
Since our T-matrix elements implicitly determine the elastic scattering phase shifts, for
example the I = 2 ππ S-wave in Eq.(6), we can invert this formula for each l to determine
the corresponding l-wave local potential Vl(r). In practice we find that our phase shifts
are sufficiently “hard” at high energies to require singular potentials; this is presumably
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an artifact of our approximations, such as assuming a contact spin-spin interaction. For
this reason we do not completely invert the phase shift relation (E1), and instead simply
fit an assumed Gaussian form
V (r) = Vg e
−r2/r2g (E2)
to our theoretical low energy phase shift. The two Gaussian parameters are determined
from the O(k) and O(k3) terms in the expansion of the phase shift near threshold, which
in the S-wave case are equated to
lim
k→0
δ0(k) = −π
1/2
2
µVg r
3
g k
(
1− 1
2
r2g k
2 + O(k4)
)
. (E3)
The generalization to higher l, also using Eqs.(E1), is
lim
k→0
δl(k) = −π
1/2
2
µVg r
3
g
(r2g/2)
l
(2l + 1)!!
k2l+1
(
1− 1
2
r2g k
2 +O(k4)
)
. (E4)
In determining the Gaussian potentials that correspond to our derived phase shifts
such as Eqs.(6,14,28), we set the external factors of Eπ and Eρ equal to mπ and mρ before
expanding in k. This corresponds to using nonrelativistic phase space and nonrelativistic
external hadron line normalizations in our T-matrix calculations, which we assume is the
appropriate choice for the derivation of a nonrelativistic equivalent potential.
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APPENDIX F: THE POST-PRIOR DISCREPANCY
The “post-prior discrepancy” is a familiar problem in rearrangement collisions; the
diagrams of Fig.1 treat the scattering as due to an interaction between the initial hadrons
A and B (“prior”), but we could equally well have written the interaction between the
two final hadrons C and D (“post”). The post T-matrices may be obtained from the prior
ones by exchanging the initial and final mesons and transforming the momenta ~A → ~C,
~C → ~A and ~q → −~q. Thus for example the post C1 T-matrix is
T
(C1,post)
fi (AB → CD) =∫∫
d3q d3p Φ∗C(2~p+ ~q − ~C ) Φ∗D(2~p+ ~q − 2 ~A− ~C )
Tfi(~q, ~p,−~p+ ~A ) ΦA(2~p− ~q − ~A ) ΦB(2~p+ ~q − ~A− 2 ~C ) . (F1)
= T
(C1,prior)
fi (AB → CD)
∣∣∣∣ (ΦA,ΦB,Φ∗C,Φ∗D)→(Φ∗C,Φ∗D,ΦA,ΦB),
args ~A→~C, ~C→ ~A,~q→−~q
. (F2)
One may show that the post and prior results for the scattering amplitude are equal
provided that the external wavefunctions are eigenfunctions of the Hamiltonian [41].
Swanson [10] shows an example of convergence of post and prior results for meson-meson
scattering amplitudes derived from quark Born diagrams as the external wavefunctions
approach exact Hamiltonian eigenstates. Of course the Gaussian wavefunctions we use
to derive our analytical results are only approximations to the eigenfunctions of the full
OGE plus linear Hamiltonian, so in general we can expect to find a post-prior discrepancy.
In this study we actually find such a discrepancy only in part of the tensor interaction in
PsV scattering, for which we take the mean of the two results,
Tfi(AB → CD) = 1
2
(
T postfi (AB → CD) + T priorfi (AB → CD)
)
. (F3)
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APPENDIX G: YLM EXPANSIONS AND RELATED INTEGRALS
It is useful in the partial wave decomposition of scattering amplitudes to expand
functions of the sum and difference momentum transfers ~Q± = ~C ± ~A (here | ~A| = | ~C|) in
spherical harmonics,
f( ~Q2+) =
∑
ℓ
fℓ( ~A
2)
∑
m
Y ∗ℓm(ΩC)Yℓm(ΩA) , (G1)
f( ~Q2−) =
∑
ℓ
(−1)ℓfℓ( ~A 2)
∑
m
Y ∗ℓm(ΩC)Yℓm(ΩA) . (G2)
This expansion may be inverted to determine the coefficient functions {fℓ( ~A 2)},
fℓ( ~A
2) = 2π
∫ 1
−1
dµ Pℓ(µ) f( ~Q
2
+)
= 2π
∫ 1
−1
dµ Pℓ(µ) f(2 ~A
2(1 + µ)) = 2π(−1)ℓ
∫ 1
−1
dµ Pℓ(µ) f(2 ~A
2(1− µ)) . (G3)
Many of the scattering amplitudes derived in this paper are proportional to confluent
hypergeometric functions in ~Q2+ or
~Q2−, and their partial wave decomposition requires the
integral of a Legendre polynomial times a shifted confluent hypergeometric function. This
integral is given by (abbreviating 1F1(a; c; x) as fa,c(x))
F (ℓ)a,c(x) =
∫ 1
−1
dµ Pℓ(µ) fa,c(x(1 + µ)) =
ℓ∑
m=0
c(ℓ)m
(a)−m−1
(c)−m−1
(
fa−m−1,c−m−1(2x) + (−1)ℓ+m+1
)
xm+1
(G4)
where
c(ℓ)m =
(−1)m
2mm!
(ℓ+m)!
(ℓ−m)! (G5)
and the Pochhammer symbol of negative index is
(a)−n =
Γ(a− n)
Γ(a)
=
1∏n
k=1(a− k)
. (G6)
In numerical evaluations it is often useful to transform the confluent hypergeometric
function in Eq.(G4) to a more rapidly converging negative-argument form, using fa,c(2x) =
fc−a,c(−2x) e2x.
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APPENDIX H: SPIN-ORBIT AND TENSOR MATRIX ELEMENTS
As noted in App.D, when evaluating phase shifts and inelasticities it is useful to
determine T-matrix elements between |jls〉 states. In the PsV system there are spin-orbit
and tensor contributions to the T-matrix, and determination of the j, l, s-basis matrix
elements of these terms is a complicated problem in angular analysis. Here we show how
these matrix elements may be evaluated.
First consider the spin-orbit terms in the πρ T-matrix, Eq.(16). The generic term is
of the form
Tfi = f( ~Q
2
+) [ i
~Sρ · ( ~A× ~C )] , (H1)
where ~Q+ = ~C + ~A. (Additional dependence on the rotational scalar ~A
2 = ~C 2 is a trivial
modification of this angular decomposition.) To proceed, we expand f( ~Q2+) in spherical
harmonics, as in Eq.(G1);
f( ~Q2+) =
∑
ℓ
fℓ( ~A
2)
∑
m
Y ∗ℓm(ΩC)Yℓm(ΩA) (H2)
and introduce spherical components for the spin and momentum vectors,
〈1s′z|Sµ|1sz〉 = −
√
2 〈1s′z|1µ, 1sz〉 , (H3)
i( ~A× ~C)µ = 4
√
2 π
3
A2
∑
µ′µ′′
〈1µ′, 1µ′′|1µ〉 Y1µ′(ΩA) Y1µ′′(ΩC) (H4)
and the usual state vector expansion,
|jm, ls (PsV ) 〉 = ∑
µ,sz
〈lµ, 1sz|jm〉 Ylµ(ΩA) |1sz〉 . (H5)
With these substitutions one may determine the πρ 〈jl′s|Tfi|jls〉 matrix elements (analo-
gous to the spinless matrix element Tl of Eq.(D7)) for the spin-orbit term (H1). The result
involves a sum over a product of six Clebsch-Gordon coefficients, and can be written as
the product of two Wigner (3j) symbols and two {6j} symbols,
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〈jl′s|Tfi|jls〉 = (−1)j+16 ~A 2
∑
ℓ
(−1)ℓfℓ (2ℓ+ 1)
√
(2l + 1)(2l′ + 1)
·

 1 l ℓ
0 0 0



 1 l
′ ℓ
0 0 0




1 1 1
l l′ ℓ




1 1 1
l l′ j

 . (H6)
The constraints of the (3j) and {6j} symbols force this matrix element to be diagonal in
l, l′, and imply that the only radial components of f( ~Q 2+) in Eq.(H2) that contribute are
fℓ=l±1. Substitution of the explicit (3j) and {6j} symbols gives our final result for PsV
matrix elements of spin-orbit (H1) type,
〈jl′s| Tfi |jls〉 = δll′ [j(j + 1)− l(l + 1)− 2]
2(2l + 1)
~A
2
(
fl−1 − fl+1
)
. (H7)
This result has the overall 〈~L · ~S 〉 dependence that one would expect from a spin-orbit
force.
We may similarly evaluate the matrix elements of the tensor terms in Eq.(16). It
suffices to consider the two cases
T
(t1)
fi = f(
~Q2−)
(
[ ~Sρ · ~A ~Sρ · ~A− 2
3
~A
2
] + [ ~Sρ · ~C ~Sρ · ~C − 2
3
~C
2
]
)
(H8)
and
T
(t2)
fi = f(
~Q2−) [ ~Sρ · ~A ~Sρ · ~C −
2
3
~A · ~C ] . (H9)
Both tensor matrix elements have l 6= l′ contributions, unlike the other interactions we
have considered. The general results in terms of Wigner (3j) and {6j} symbols are
〈jl′s|T (t1)fi |jls〉 = (−1)j+l+1
21/2 · 51/2
31/2
~A
2 (
fl + fl′
) √
(2l + 1)(2l′ + 1)
·

 2 l l
′
0 0 0




1 1 2
l l′ j

 (H10)
and
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〈jl′s|T (t2)fi |jls〉 = (−1)j+15 ~A
2 ∑
ℓ
fℓ (2ℓ + 1)
√
(2l + 1)(2l′ + 1)
·

 1 l ℓ
0 0 0



 1 l
′ ℓ
0 0 0




1 1 2
l l′ ℓ




1 1 2
l l′ j

 . (H11)
Substitution for the (3j) and {6j} symbols gives the results quoted in Eqs.(23-25) in the
text.
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Fig.1. The four quark interchange meson-meson scattering diagrams.
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Fig.2. The quark-quark T-matrix, showing three-momentum definitions.
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Fig.3. Theoretical contributions to the I=2 ππ S-wave phase shift, Eq.(6), with SHO
wavefunctions. The experimental phase shifts of Colton et al. [18] (down triangles), Du-
rusoy et al. [19] (up triangles, two extrapolations), Hoogland et al. [20] (set B, diamonds),
and Losty et al. [21] (squares) are shown.
0 0.5 1 1.5 2 2.5
Mpipi [GeV]
−45
−30
−15
0
15
δ0 [deg]
σ=0.8 GeV
σ=0.8 GeV
σ=0.7 GeV
(D−wave)
σ=0.9 GeV
Fig.4. Numerically evaluated I=2 ππ S- and D-wave phase shifts with Coulomb plus linear
plus hyperfine wavefunctions (lines), compared to experimental phase shifts (symbols as
in Fig.3).
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Fig.5. A “generalized specific heat plot” of the I=2 ππ S-wave phase shift. The data of
Fig.3 is shown together with aI=20 predictions: a) LGT [7], Roy Eqs. [25], b) PCAC [26],
χPT [29]. Meson exchange [23,24] and quark model (Eq.(6)) predictions are also shown.
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Fig.6. The low energy I=2 ππ S-wave potential, Eq.(13).
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Fig.7. The theoretical I=2 πρ S-wave phase shift with SHO
wavefunctions, Eq.(28).
0 1 2 3
Mpiρ [GeV]
−60
−45
−30
−15
0
15
δL,J [deg] 3D3
3P2
3D1
3P0
3F4
3F2
3P1
Fig.8. Theoretical I=2 πρ phase shifts in P-, D- and F- waves.
3P2,
3P1,
3P0 and J=L±1 phase shifts are shown.
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Fig.9. OGE spin-orbit, confining spin-orbit and OGE tensor
contributions to the 3P2 I=2 πρ phase shift.
0 0.2 0.4 0.6 0.8 1
r [fm]
−0.6
−0.4
−0.2
0.0
0.2
V [GeV] lin.
OGE
total
Fig.10. Spin-orbit potentials in the I=2 πρ 3P2 channel, Eq.(29).
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